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o Part of the editorial boards of some scientific journals: Mathematics, AIMS
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graph theory and their applications in engineering, computer science and social
network problems. Specifically in community detection over networks, and in
measuring the privacy of social networks.

@ Study of invariants in graphs, domination, metric dimension, and parameters
related to connectivity in graphs and finite digraphs.

@ Study of reliability and vulnerability in networks through the application of
Graph Theory techniques.

@ Community detection models in networks.

@ Metric and domination theory in graphs and digraphs.

o Graph products and applications.

@ Optimal design of discrete mathematical models and their applications.

@ Applications of graph theory in computer science, social network privacy, and
anything that would be possible.
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Graph based terminology

A graph is usually represented as G = (V/, E) where V represents the set of vertices
or nodes, and E represents the set of edges (connections between nodes)

o—4¢

o—¢

o Degree of a vertex, neighbors, neighborhood.

o Distance between vertices, shortest paths, geodesics, diameter.

@ Invariants, parameters in graphs.

@ Properties (combinatorial, computational) of different graph structures.

@ Behaviour of invariants or parameters in general or in some specific graphs.
o Computing the values of some invariants or parameters.

o Computational complexity of such studies.
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o G =(V,E), asimple graph. S C V, a set of vertices of G.
@ S, dominating set if every vertex not in S is adjacent to a vertex of S.

@ v(G), domination number of G: minimum cardinality of a dominating set of G.
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o S, dominating set if every vertex not in S is adjacent to a vertex of S.

@ 7(G), domination number of G: minimum cardinality of a dominating set of G.
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Roman domination

e Amap f:V —{0,1,2}, Roman dominating function for G, if for every v € V with
f(v) = 0 there exists u € N(v) such that f(u) = 2.

@ 7r(G), Roman domination number of G: minimum weight f(V) =3 _, f(v) of
any Roman dominating function for G.

o Every Roman dominating function induces three sets By, Bi, B> such that
Bi={veV: f(v)=i}, ie{0,1,2}.

A Roman dominating function of minimum weight

0 2
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Social networks and privacy

@ Sociologist, economist, vendors in service-oriented systems and internet
advertisers can benefit from its study.

@ These benefits are definitely not free of cost.
@ Anonymizing the data by removing most potentially identifying attributes.
@ Privacy-preserving methods need to be investigated and analyzed.

@ They are based on the concept of k-anonymity known for microdata,
aiming to ensure that no record in a database can be re-identified with a
probability higher than 1/k.

@ Several anonymization methods are known.

@ Not so many is known about measuring how secure is a social network
under some attack to its privacy.

@ We have centered our attention in those attacks called “active attacks”.
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Antidimension and privacy

Social networks and privacy

Active attacks

Adversary's background knowledge of any object.
Structural information about the network.

Creating and inserting in a network some nodes (the “attacker nodes”)
under control of the adversary.

Establish links with some other nodes in the network (or even links between
other nodes) in order to create some sort of “fingerprints” in the network.

Once released the network, the adversary could retrieve the fingerprints
already introduced, and use them to re-identify other nodes in the network.
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k-antiresolving set: set S s.t. for any vertex not in S there are at least k — 1
other vertices not in S, not identified (through distances) by S and k is the
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A 2-antiresolving set

(in blue)
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k-antiresolving sets versus privacy

Active attacks to privacy (in a graph G)
@ The attacker controls a set of nodes S of the graph.

@ The set S can control the vertices of the graphs if it can identify them, in
the sense of distances.

@ Adversary's (set S) background knowledge about a target (vertex v):
metric representation of v with respect to S (ordered vector of distances)

@ A set of attacker nodes S is a k-antiresolving set: the adversary cannot

uniquely re-identify other nodes in the network with probability higher than
1/k.
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k-antiresolving sets versus privacy

(k, £)-anonymity

G meets (k, £)-anonymity with respect to active attacks, if k is the smallest
positive integer such that the k-metric antidimension of G is lower than or equal

to /4.

@ k is used as a privacy threshold, while £ is an upper bound on the expected
number of attacker nodes in the network.

@ { can be estimated through statistical analysis (the number of attacker
nodes is significantly lower than the total number of nodes in the network).
V.
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General position problem

General position sets

(Ullas Chandran, Jaya Parthasarathy, 2016 and Manuel, Klavzar, 2018)

General position set: set S of vertices of a graph G such that no three distinct
vertices of it simultaneously lie on a common geodesic.

General position number. the maximum possible cardinality among all general
position sets, denoted gp(G).

gp-set: a general position set of cardinality gp(G).

gp(G) =4

IGYERO FQM-371 May 28, 2024 23 /31



Roots of the problem

IGYERO FQM-371 May 28, 2024 24 /31



Roots of the problem

@ The no-three-in-line problem: to find the maximum number of points that can be
placed in the n x n grid so that no three points lie on a line.

IGYERO FQM-371 May 28, 2024 24 /31



Roots of the problem

@ The no-three-in-line problem: to find the maximum number of points that can be
placed in the n X n grid so that no three points lie on a line. A very old problem

o H. E. Dudeney, Amusements in Mathematics, Nelson, Edinburgh, 1917.

IGYERO FQM-371 May 28, 2024 24 /31



Roots of the problem

@ The no-three-in-line problem: to find the maximum number of points that can be
placed in the n X n grid so that no three points lie on a line. A very old problem

o H. E. Dudeney, Amusements in Mathematics, Nelson, Edinburgh, 1917.

@ In discrete geometry, the no-three-in-line problem was extended to the General
Position Subset Selection Problem.

IGYERO FQM-371 May 28, 2024 24 /31



General position problem Some roots of the problem

Roots of the problem

@ The no-three-in-line problem: to find the maximum number of points that can be
placed in the n X n grid so that no three points lie on a line. A very old problem

o H. E. Dudeney, Amusements in Mathematics, Nelson, Edinburgh, 1917.

@ In discrete geometry, the no-three-in-line problem was extended to the General
Position Subset Selection Problem.

@ In the special case of hypercubes, the general position problem was studied back
in 1995 by Korner related to some coding theory problem.

J. Korner, On the extremal combinatorics of the Hamming space, J. Combin.
Theory Ser. A 71 (1995) 112-126.
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Two vertices u, v € V(G) are X-visible if there exists a shortest u, v-path (also
called geodesic) P such that V(P) N X C {u, v}.

The variety
o mutual-visibility set, if every u,v € X are X-visible,
o total mutual-visibility set, if every u,v € V(G) are X-visible,

o outer mutual-visibility set, if every u,v € X are X-visible, and every u € X,
v € X are X-visible,

o dual mutual-visibility set, if every u,v € X are X-visible, and every
u,v € X are X-visible.

The variety parameters
o u(G), pe(G), po(G), and pia(G).
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Mutual-visibility problem

Two vertices u, v € V(G) are X-visible if there exists a shortest u, v-path (also
called geodesic) P such that V(P) N X C {u, v}.

The variety
o mutual-visibility set, if every u,v € X are X-visible,
o total mutual-visibility set, if every u,v € V(G) are X-visible,
o outer mutual-visibility set, if every u,v € X are X-visible, and every u € X,
v € X are X-visible,
o dual mutual-visibility set, if every u,v € X are X-visible, and every
u,v € X are X-visible.

The variety parameters

o 1(G), 1x(G), 1o(G), and 1a(G).

@ The mutual-visibility number, the total mutual-visibility number, the outer
mutual-visibility number, and the dual mutual-visibility number of G.
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Mutual-visibility problem

Two vertices u, v € V(G) are X-visible if there exists a shortest u, v-path (also
called geodesic) P such that V(P) N X C {u, v}.

The variety

mutual-visibility set, if every u,v € X are X-visible,

total mutual-visibility set, if every u,v € V(G) are X-visible,

outer mutual-visibility set, if every u,v € X are X-visible, and every u € X,
v € X are X-visible,

dual mutual-visibility set, if every u,v € X are X-visible, and every

u,v € X are X-visible.

The variety parameters

1(G), p1t(G), po(G), and pa(G).

The mutual-visibility number, the total mutual-visibility number, the outer
mutual-visibility number, and the dual mutual-visibility number of G.

There is also ui(G) (independent version) and a few other ones.
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What one can study?

@ Compute or bound the value of these parameters of several families of
graphs.

o Generate graphs with a prescribed value for these parameters.

@ Generate algorithms (polynomial the most important ones) for finding an
structure or the value of these parameters.

@ Apply approximation techniques or other strategies to compute these
parameters.

@ Find relationships between these parameters and other parameters or
invariants of the graphs.

o Find real world problems that could be modeled or solved by using these
parameters (until now without not much success).

o Consider some possible variations of these parameters, which would lead to
give more insight into other parameters of graphs.
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Applications, comments (for the metric dimension case)

@ Resolving sets have been used as a model of several situations: navigation
of robots in networks, representation of chemical compounds, pattern
recognition, mastermind games, etc.

@ There exists several variants of resolving sets: strong, local, partitions,
adjacency, identifying codes, etc.

@ The problem of deciding whether the metric dimension of a graph is less
than an integer is NP-complete, even for planar graphs.

@ There are several approximation results. Also, some heuristics (genetic
algorithms for instance) have been used to approximate the value of metric
dimension

@ There exists some possibilities for generating graphs with a known value for
the metric dimension.

IGYERO FQM-371 May 28, 2024 30/31



Thanks very much!!! We look forward any possible future collaboration
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